We present recent advances with the quantum Monte Carlo (QMC} method in its application to molecular systems. The QMC method is a procedure for solving the Schrodinger equation statistically, by. the simulation of an appropriate random process. The formal similarity of the Schrooinger equation with a diffusion equation allows one to calculate quantum· mechanical expectation values as Monte Carlo averages over an . ensemble ?f random ;walks .. We have previ?usly obtained highly accurate correlation energies for a number of molecules, as well as the singlet-triplet splitting in methylene and the' barrier height for the H + H 2 exchange reaction. Recently we have begun a program of extending the QMC approach to the calculation of analytic derivatives of the .
I. Introduction
In the past few years, quantum mechanical Monte Carlo {QMC) methods have begun to make a contribution to quantum chemistry [1] [2] [3] [4] . The Monte Carlo technique is complementary to traditional ab initio approaches for obtaining molecular properties.
·The principle behind the two techniques is, however, quite different. In particular, QMC uses the formal similarity of the Schrodinger equation to a diffusion equation to solve the former statistically [1] .
Until now, however, QMC applications have been limited to calculations of energies of ground-states and lowest states of a gi\ren symmetry. Using QMC, workers have studied molecular correlation energies [1, 2] as well as critical points on potentiai-energy surfaces [3] . A calculation of the singlet-triplet splitting in methylene has also been carried out [4] . The two states studied, however, are both lowest-energy states of their respective symmetries. In these studies, the accuracies obtained with QMC have been comparable to the best achieved by other rigorous methods: Here we discuss our recent effort in extending QMC to molecular properties other than the energy {Sect. IT), to energy derivatives (Sect. III), and to excited states of the same symmetry as the ground state (Sect. IV). Preliminary results of this work are presented.
IT. QMC Molecular Properties
The QMC method of obtaining energies has been described in detail elsewhere [1] [2] [3] [4] [5] .
The key point to note here is that a simulation is performed in which an ensemble of random walks (the coordinates of which, at any given time, represent a "configuration" of the electrons) evolve to an equilibrium distribution. At any time after equilibrium bas been reached, the ensemble of configurations is a random sample drawn from the probability distribution f 00 (R )=\f! T (R )~(R ). Here \f! T (R ) is a simple trial wave function used for importance sampling [1, 5, 6] , and in the present applications also for determining r· r, .. the nodes of the problem (i.e. the nodes of WT are imposed on ~) [1, 7] ; the coordinate vector R is the multi-dimensional vector describing the full many-body system. The function ~(R) is the lowest-energy eigenfunction of the Schrodinger equation for the imposed set of nodes. Although neither this function nor I 00 is known analytically, we can nevertheless sample desired quantities from the equilibrium distribution. Averages taken with respect to the distribution I 00 are known as mixed averages. For example, sampling a quantity A in equilibrium after N samples gives the average (in the limit of large N)
(1) 
On the other hand, the correct expectation value of A , for an eigenstate ~. is <~I A I~>. In computing the energy, or any property for which ~ is an eigenstate, there is no difference between these two averages. This follows since the eigenvalue can be taken out of the integral in the numerator of Eq. 1. In particular, to compute the energy one samples the quantity
where E 0 is the eigenvalue corresponding to the state ~-The last equality follows upon noting that H is Hermitian, and thus can operate to the left. 
The first equality follows on expanding the ~ bra. The approximation in the next line occurs on expanding the ~ ket in the second term, and dropping the resulting term of · order ~2• Finally, ~ is re-expanded; A is assumed an observable, and hence Hermitian. It is, however, difficult to know how significant it is to drop terms of order ~2. Thus, it is desirable to be able to sample exactly from the distribution I ~ I 2 • This can be done [8] , though with some changes to the usual QMC algorithm. The distribution f 00 must be weighted locally by ~(R )/'If T (R ). This quantity is essentially the asymptotic number of survivors of the local configuration R [8] . Thus, algorithmically, one must follow each configuration into the future before computing any averages. Details of our algorithm will be presented elsewhere [9] . Our results (see Tables 1 and 2 ) show that r:
while the variational approximation is poor, the approximate formula (Eq. 4) is quite good. Furthermore, excellent agreement with exact results is obtained by sampling from the pure I ~ I 2 distribution.
ill. Energy Derivatives
While conventional ab initio approaches regularly compute the analytic derivative of the energy with respect to nuclear coordinates in order to determine equilibrium geometries [10] and (by finite difference or higher analytic derivatives) vibrational frequencies [11] , only finite difference approaches have been implemented in QMC [12] . In· principle there is no reason for this limitation. To compute the energy derivative with respect. to a nuclear coordinate p, we write
The second equality is obtained from differentiation using the chain rule, followed by expression of. the resulting ratios 88 averages over the. distribution f 00 • The derivative a~jap is unknown; it is however possible to sample it. The other terms in Eq. 5 may be evaluated straight-forwardly during the QMC simulation. Rather than sampling a~jap, 88 a first approximation we may take ~-~a~jap=\lfj.lawT jap. This turns out to be a good approximation even when W T IS only of moderate accuracy (e.g. dou hie-zeta Hartree-Fock).
Using this approach, we have performed calculations on H 2 at a few nuclear separations. Our results are presented in Table 3 , where they are compared with the essentially exact work of Kolos and Wolniewicz [13] , as well as with the results of conventional a.b initio approaches. As can be seen, QMC is competitive with CI, and far superior to Hartree-Fock at the equilibrium geometry. Studies are in progress at other nuclear geometries, and on other molecular systems.
IV. Excited States
Work thus far with QMC has been limited to ground-state potential-energy surfaces and lowest energy states of a particular symmetry [1] [2] [3] [4] . This restriction comes from an essential feature of the mapping of the Schrooinger equation into its diffusion, analog--that time in these two equations differs by a factor of i . This implies ( cf. Eq. 3) that convergence will ultimately be to the lowest-energy state.
However, the fixed-node approximation [1, 7] used to treat the Fermi problem is of assistance here too. In the fixed-node approximation, the nodes of \If T are used to divide Though this appears low, we note that our final result is within 0.66 kcal/mol of the experimental energy. For H 2 we note that there is some basis set dependence. Nevertheless, a fairly simple basis set (double-zeta plus polarization) yields 75% of the correlation energy. We expect that better results will be obtained through the use of better optimized trial functions.
In summary, we have extended QMC to the study of energy derivatives, molecular properties, and molecular excited states. Preliminary results in these extended directions are encouraging. Further investigations are in progress. 
